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The gapless fermionic excitations in superfluid 3 He-A have a "relativistic" spectrum close to the gap 
nodes. They are the counterpart of chiral particles (left-handed and right-handed) in high energy 
physics above the electroweak transition. We discuss the effective gravity and effective gauge fields 
induced by these massless fermions in the low-energy corner. The interaction of the chiral fermions 
with the gauge field in 3 He-A is discussed in detail. It gives rise to the effect of axial anomaly: 
Conversion of charge from the coherent motion of the condensate (vacuum) to the quasiparticles 
(matter). The charge of the quasiparticles is thus not conserved. In other words, matter can be 
created without creating antimatter. This effect is instrumental for vortex dynamics, in which 
the vortex is the mediator of conversion of linear momentum from the condensate to the normal 
component via spectral flow in the vortex core. The same effect leads to the instability of the 
counterflow in 3 He-A, in which the flow of the normal component (incoherent degrees of freedom) is 
transformed to the order parameter texture (coherent degrees of freedom) . We discuss the analogues 
of these phenomena in high energy physics. The conversion of the momentum from the vortex to 
the heat bath is equivalent to the nonconservation of baryon number in the presence of textures 
and cosmic strings. The counterflow instability is equivalent to the generation of the hypermagnetic 
field via the axial anomaly. We discuss also an analogue of axions and different sources of the mass 
of the "hyperphoton" in 3 He-A. 



I. INTRODUCTION 
A. Effective electrodynamics and gravity in 3 He-A. 

Many aspects of high energy physics can be modelled 
in condensed matter Q . Superfluid 3 He-A provides a rich 
source for such a modelling. The most pronounced prop- 
erty of this superfluid is that in addition to the numerous 
bosonic fields (collective modes of the order parameter) 
it contains gapless fermionic quasiparticles. Close to the 
gap nodes, the points in momentum space where the en- 
ergy is zero (Fig. []]), the energy spectrum of quasiparti- 
cles is linear in momentum p. This simple circumstance 
has far-reaching consequences: The low energy fermions 
and some of the bosons obey "relativistic" equations, 
while their interaction with the superfluid vacuum mim- 
ics that of elementary particles with gauge fields. This 
illustrates the principle [0 that the effective physics in a 
low energy corner becomes more symmetric than in the 
general case. In 3 He-A we have two low energy corners, 
at p « ±Pf1> where pf is the Fermi momentum and 
1 the unit vector specifying the direction of the nodes. 
This picture does not depend on details of the underly- 
ing microscopic interactions of atoms, whose only role is 
to produce values of "fundamental constants", such as 
the "speed of light" and the "Planck energy" . 

Close to the gap node the square of the quasiparticle 
energy E is generally a quadratic form of the deviation 
of the momentum p from the position of the nodes ±pf 1: 



E±{p) = 9 lk (p t TPFk){PkTPFlk) • (1) 

Let us introduce an effective vector potential of the "elec- 
tromagnetic field" 

A = p F l , (2) 

and the "electric charge" e, with e = +1 for the quasipar- 
ticles in the vicinity of the node at ppl and e = — 1 for 
the quasiparticles in the vicinity of the opposite node, 
at — PfI. Then one obtains a spectrum of relativistic 
fermions moving on the gravitational and electromag- 
netic background, determined by the metric tensor g lk 
and the vector potential A: 

E 2 (p)=g lk ( Pl ~eA,)(p k -eA k ) . (3) 

The symmetric matrix g lk , which gives the contravari- 
ant components of the metric tensor, is generally deter- 
mined by the directions of the principal axes forming the 
orthonormal basis (§1,62, §3) and by the "speeds of light" 
along these directions: 

g lk = c*e\e k + c 2 2 e 2 e k + c\^e\ . (4) 

It is important that the effective gauge field A and the 
effective metric g %k depend on space and time, since the 
order parameter in general and the 1-vector in particular 
are not fixed in 3 He-A and can form different types of 
textures. The quasiparticles view the order parameter 
textures as a curved Lorentzian space-time and simulta- 
neously as gauge fields. These fields are dynamical: The 
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Effective Lagrangian for "electromagnetic" and "gravi- 
tational" fields can be obtained by integrating over the 
fermionic field. The same principle was used by Sakharov 
and Zeldovich to obtain an Effective Gravity ||] and Ef- 
fective Electrodynamics 0] from vacuum fluctuations. In 
some special cases (and in this review we consider just 
such a case) the main contribution to the effective ac- 
tion comes from the vacuum fermions whose momenta p 
are concentrated near the gap nodes, i.e. from the "rel- 
ativistic" fermions. In these (and only in these) cases 
one obtains an effective Lagrangian which gives Maxwell 
equations for the A-field. Since the "photons" are thus 
constructed from the fermionic degrees of freedom, the 
metric g lk , which governs the propagation of "photons" , 
is the same as the metric governing the dynamics of the 
underlying fermionic quasiparticles. Following the title 
of the Laughlin talk at this Symposium, this provides an 
example of a "Gauge Theory from Nothing" || . 

From Eq.(|) it follows that g 00 = -I and g oi = 0, but 
this is not the general case: Typically all the components 
of the dynamical metric tensor g^ v depend on the posi- 
tion in space-time. In some cases the effective metric is 
not trivial giving rise to conical singularities ||, event 
horizons and ergoregions This also allows to simu- 

late quantum gravity. Note that the primary quantities 
in this effective (quantum) gravity are the contravariant 
components g^ v . They appear in the low-energy corner 
of the fermionic spectrum and represent the low-energy 
properties of the quantum vacuum. The geometry of the 
effective space-time, in which the free quasiparticles fol- 
low a geodesic, is determined by the inverse metric g^ v 
and thus is a secondary object. In a similar manner the 
effective Lorentzian space-time comes from the spectrum 
of the sound waves propagating on the background of a 
moving inhomogeneous liquid J9H11J). The difference to 
the case of superfluid liquid 3 He-A is that ordinary liq- 
uids are essentially dissipative classical systems and thus 
cannot serve as a model of the quantum vacuum. 

The above mechanism of the generation of the gauge 
field A and gravity g^ u is valid for a general system with 
point gap nodes. In the particular case of 3 He- A the 
initial "nonrelativistic" fermionic spectrum has the form 

E 2 (p)=v F (p-p F ) 2 + ^(\xpf, (5) 
Pf 

where A is the gap amplitude; vp = pp/m* is the Fermi 
velocity and m* the effective mass of the quasiparticle in 
the normal Fermi-liquid state, which is typically about 
3-6 times the bare mass of the 3 He atom. 

In the low energy corner one obtains the "relativistic" 
spectrum of Eq. (|^) with the following values of the 
"fundamental constants" p^Jl^ | 

ci = c 2 = — = cj_ , c 3 = v F = cii . (6) 

pp 



The space characterizing the motion of quasiparticles in 
3 He-A, i.e. the space in which the quasiparticles move 
along the geodesic curves (in the absence of other forces) 
has an uniaxial anisotropy, with the anisotropy axis along 
1: 

e 3 = 1 ■ (7) 

The speed of a "light" along the 1- vector, cii, is about 
3 orders of magnitude larger than that in the transverse 
direction: C|| ^> cj_. Another important fundamental 
constant, Ao, plays the role of the Planck energy cut-off, 
as will be illustrated later on. 

B. Chiral fermions in J He-A 

The chiral properties of the fermionic spectrum is re- 
vealed after the square root of Eq. (||) is taken. This 
procedure is not unambiguous: One has to use the under- 
lying BCS theory of Cooper pairing, which leads to the 
superfluid A-phase state in 3 He. In BCS theory one ob- 
tains the Bogoliubov-Nambu Hamiltonian for fermions, 
which in the low-energy corner transforms into the Weyl 
Hamiltonian for massles chiral particles. It is represented 
by the proper square root of Eq. (||) : 

H = -eY J C a T a P a {p,-eA i ) 7 (8) 

a 

where t" are the Pauli matrices acting in the Bogolibov- 
Nambu particle-hole space. 

The more close inspection of the BCS theory for 3 Hc-A 
reveals that the order parameter contains 18 degrees of 
freedom and thus 18 propagating collective modes. Six 
of these collectives modes, which represent propagating 
oscillations of position of nodes and of the slopes of the 
energy spectrum at the nodes, are shown in Fig. || to- 
gether with their analogs in relativistic theories. 

The important property of this Hamiltonian is that the 
sign of the "electric" charge e simultaneously determines 
the chirality of the fermions. This is clearly seen with a 
simple isotropic example having c\ = c 2 = C3 = c: 

H = -ecf • (p - eA) . (9) 

A particle with positive (negative) e is left-handed (right- 
handed): Its Bogoliubov spin f is antiparallel (parallel) 
to the momentum p, if 7i is positive definite. Thus the 
field A corresponds to the axial field in relativistic the- 
ories. The symmetry between left and right is broken in 
3 He-A. 

Rather few systems have (3+I)-dimensional chiral 
fermions as excitations. The superfluid 3 He-A and 
the Standard Model of the electroweak interactions are 
among these exotic systems. This is why 3 He-A is the 
best condensed matter system for the simulation of effects 
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%e-A chiral fermions 



close to north gap node 
quasiparticle is similar 
to left-handed positron 

/ P= Pf' 







N p= - p F l 
close to south gap node 
quasiparticle is similar 
to right-handed electron 





* Existence of chiral fermions is unique property of 3He-A 
and of vacuum in Standard electroweak theory 

* Physical processes in electroweak vacuum 
can be simulated in 3He-A 

FIG. 1. Gap nodes and chiral fermions in 3 He-A. Close to 
the gap nodes the gapless quasiparticles correspond to mass- 
less fermions moving in electromagnetic and gravity fields and 
obey relativistic equations. The left-handed particles have 
positive charge e = +1 and are in the vicinity of the north 
pole, as determined by the direction of the 1-vector, while the 
right particles with e = — I are in the vicinity of the south 
pole. If the 1-field is not uniform in space and time, the space 
and time derivatives of A = pfI act on the quasiparticle sim- 
ilar to magnetic and electric fields. 



related to the chiral nature of the fermions, especially of 
the chiral anomaly. There are other condensed matter 
systems with chiral fermions, but these fermions occupy 
a space-time of 2+1 or 1+1 dimensions. Examples are 
the (2+l)-dimensional fermions in high-temperature su- 
perconductors p^] ; (l+l)-dimcnsional chiral edge states 
in the quantum Hall effect [ p||T6| , and in superconduc- 
tors with broken time-reversal symmetry |l7],[l8| ■ Finally 
fcrmionic excitations in the core of quantized vortices 
bear this property, too ||. The gap nodes in (3+1)- 
dimensional theories can appear also in different types of 
"color superfluidity" - quark condensates in dense bary- 
onic matter 19 2(J (The quark condensate phase anal- 
ogous to the superfluid 3 He-B, where color and flavour 
are locked together instead of spin and orbital momenta, 
while the gap is isotropic and thus has no nodes, was also 
discussed pl|). 

The spectrum of fermionic excitations of the elec- 
troweak vacuum in the present Universe contains one 
branch of chiral particles: The left-handed neutrino 
branch (Fig. ||). The right-handed neutrino is not present 
(or interacts with other matter different from the left- 
handed one). This is a remarkable manifestation of the 
violation of the left-right symmetry in the electroweak 



vacuum. Another symmetry, which is broken in the 
present Universe, is the SU(2) symmetry of weak inter- 
actions. In the symmetric state of the early Universe, 
the left leptons (neutrino and left electron) formed a 
SU(2) doublet, while the right electron is in a SU{2) 
singlet. During the cooldown of the Universe the phase 
transition occured, at which the SU(2) x U(l) symme- 
try was broken to the electromagnetic U(l) symmetry. 
As a consequence, the left and right electrons were hy- 
bridized forming the present electronic spectrum with the 



gap A 



m e c . The electric properties of the vacuum 



thus exhibited the metal-insulator phase transition: The 
"metallic" state of the vacuum with the Fermi point in 
the elecronic spectrum was transformed to the insulating 
state with the gap. Recent numerical calculations suggest 
that this transformation occurs either by the first order 
phase transition or by continuous cross-over without any 
real symmetry breaking 22 1. 

The similarity between the chiral fermions in elec- 
troweak theory and in 3 He-A has also a topological ori- 
gin. The gap nodes - zeroes in the particle (quasiparticle) 
spectrum - are characterized by a topological invariant 
in 4-momentum space belonging to the third homotopy 
group tt 3 fijl: 



Here 



^e^xj tr J dS~< Qd vV .Q 1 Qd r Q 1 Qd p xQ 1 



1 



ipo + H 



(10) 



(11) 



is the Green's function and a is the 3-dimensional surface 
around the point node in the 4-momentum space. For the 
relativistic chiral particle the node is at po — 0, p = 0, 
while in 3 He-A the nodes are at po = 0, p = ±ppl. In 
all cases the topological invariant is nonzero: N top = ±1, 
and the sign of N top depends on chirality. 

The topological stability - the conservation of the 
topological invariant in Eq. (^) - is important for the 
fcrmionic system. It implies that under a deformation 
of the system (under a continuous change of the system 
parameters) the gap nodes in momentum space can arise 
or disappear only in pairs (node- "antinode" pairs). This 
topological stability, which does not depend on the de- 
tails and the symmetry of the system, provides topolog- 
ical conservation of chirality: The algebraic number of 
the chiral fermions, i.e. the number of the right fcrmionic 
species minus the number of the left fermionic species, is 
conserved: AN = N FR - N FL = J2 N top - In 3 He- A one 
has Nfr = Nfl = 1 and thus AN = J2 N top = 0. 

In the relativistic theories the electroweak transition 
SU(2) x U(l) — > U(l) satisfies this topological rule: If the 
right neutrinos are absent, the algebraic number of chiral 
fermions per each generation is A A" = — 1 in both phases: 
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Order Parameter Tetrad and 6 Collective Modes 



Anisotropy of vacuum 



Bogoliubov-Nambu Hamiltonian for fermions 

H(p)=T 3 v F (p-p F /)./+x | (p-p F /)./«+T 2 (p-p F /)-n 
I ±n , I ±m 

Effective metric: 

gO«=l, g ik = -\ 2 F l i l k -m 

In equilibrium: 

m=m , n=n , lm l = ln l = c ± , m »n = *" 



Sound wave 
(axion, S=0) 




FIG. 2. Triads m, n and larnxn, which characterize the 
order parameter in 3 He-A for a given spin projection. The dy- 
namics of two vector fields m and n gives rise to 6 collective 
modes: (1) Sound wave (axion) is propagating rotational os- 
cillations of the triad around the I vector. The angle <E> of this 
rotation is the phase of the superfluid condensate, whose gra- 
dient determines the superfluid velocity; (2-3) Orbital waves 
(photons) are propagating oscillations of the direction of the 
I vector; (4-5) Clapping modes (gravitons) are out-of-phase 
oscillations of the diad m, n; and (6) Pair-breaking mode 
(dilaton) is the oscillation of the modulus of the m and n 
vectors. This corresponds to the propagating oscillations of 
the transverse speed of light c±. If the spin degrees of free- 
dom are taken into account, the number of collective modes 
is triplicated. 



: left-right asymmetry: 
only left-handed neutrino 

E 




no right-handed neutrino 

E 



o.p > 




right particle 





* Standard model of electroweak interactions: 
left electron and neutrino form SU(2) doublet (v L ,e L ) , 
right electron is SU(2) singlet (e R ) 



(v L ' e L) 



Breaking of SU(2): 
Cooper pairing, 
hybridization of 
e L and e R , 
electron obtains gap (mass) 

* (1) Symmetry breaking pattern SU(2)xU(l) => U(l) 
and (2) Chiral fermions 

are similar to that in ^He-A 

FIG. 3. (top): The spectrum of fermionic excitations of 
the physical vacuum contains a branch of chiral particles, the 
left-handed neutrino branch. The right-handed neutrino does 
not exist (or interacts with other matter only via the gravita- 
tional field). In the symmetric state of the early Universe, the 
left leptons (neutrino and left electron) formed the SU (2) dou- 
blet, while the right electron was the SU(2) singlet, (bottom): 
During the cool down of the Universe the SU(2) symmetry 
was broken in a phase transition. The left and right electrons 
were hybridized forming the present electronic spectrum with 
the gap A = m e c 2 . The electric properties of the vacuum 
thus exhibited the metal-insulator transition. 



nonzero topological charge, ^ A^op 7^ 0, the system has 
massless fermions. This means that the problem of the 
neutrino mass is directly related to the momentum space 
topology of the vacuum. 



in the symmetric phase SU(2) x U(l) one has AN = 
7 — 8 = — 1 and in the broken symmetry phase U(l) one 
has AN = 0— 1 = — 1 . In this case the conservation of the 
topological invariant provides the zero mass for neutrino. 
In the unification theories, the SU (5) symmetry breaking 
pattern with Nfl = 10+5 left fermions in one generation 
does not satisfy this topological rule. The rule holds only 
if one doubles the number of fermions and considers right 
antiparticles as independent particles: in this case AA" = 
15-15 = 0. In the St/ (4) x SU L (2) x SU R (2) theory with 
Nfr, = Nfl = 8 the topological rule is satisfied without 
the doubling of fermions: one has A A" = throughout 
all the route of the symmetry breaking to SU(3) x U(l). 
It is important that if the vacuum is characterized by 



II. AXIAL ANOMALY 

A. Adler-Bell-Jackiw equation 

Chiral fermions interacting with gauge fields exhibit 
the effect of chiral anomaly, the nonconservation of mat- 
ter charge due to the interaction of matter with the quan- 
tum vacuum. The origin for the axial anomaly can be 
seen from the behavior of the chiral particle in a con- 
stant magnetic field, A = (1/2)B x r. The Hamiltonians 
for the right particle with the electric charge en and for 
the left particle with the electric charge are 

H = cf ■ (p - e R A) ,H = -ct ■ (p - e L A) . (12) 
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Chiral anomaly 



Right particle with electric charge e R in magnetic field B 
Landau energy levels 
Asymmetric branch on n=0 Landau level 
E(Pz)= cp z 

E(Pz) 




Particles creation from vacuum 

left particles can 
compensate the effect 
if 

left-right symmetry 
is exact 

Particles from negative energy levels of Dirac vacuum 
are pushed into positive energy levels of matter 



In applied electric field E : 

Pz = e„E 



S = (1 /47t2)[(e R ) 2 -(e L ) 2 ]E.B 

FIG. 4. Chiral anomaly: the spectral flow from the occu- 
pied energy levels caused by the applied electric field leads to 
the creation of the fermionic charge from the vacuum if the 
left-right symmetry is violated. 



This is an anomaly equation for the production of par- 
ticles from vacuum of the type found by Adler ^3) and 
by Bell and Jackiw [^4| in the context of neutral pion 
decay. We see that for particle or charge creation from 
"nothing" it is necessary to have an asymmetric branch of 
the dispersion relation E(p) which crosses the axis from 
negative to positive energy. Additionally, the symmetry 
between the left and right particles has to be violated: 
e R e L for the charge creation and e\ ^ e\ for the 
particle creation. 

B. Anomalous nucleation of baryonic charge 

In the standard electroweak model there is an addi- 
tional accidental global symmetry U(1)b whose classi- 
cally conserved charge is the baryon number Qb- Each of 
the quarks is assigned Qb — 1/3 while the leptons (neu- 
trino and electron) have Qb = 0. This baryonic number 
is not conserved due to the axial anomaly. There are 
two gauge fields whose "electric" and "magnetic" fields 
become a source for baryoproduction: The hypercharge 
field U(l) and the weak field SU(2). The corresponding 
hypercharges Y and weak charges W of the left u and d 
quarks are 

Y dL = Y uL = 1/6 , WdL = ~W uL = 1/2 , (14) 
whereas for the right u and d quarks one has 



Fig. [I] shows the energy spectrum in a magnetic field B 
along z; the thick lines show the occupied negative-energy 
states. Motion of the particles in the plane perpendicular 
to B is quantized into the Landau levels shown. The free 
motion is thus effectively reduced to one-dimensional mo- 
tion along B with momentum p z . Because of the chirality 
of the particles the lowest (n = 0) Landau level is asym- 
metric. It crosses zero only in one direction: E = cp z 
for the right particle and E = — cp z for the left one. If 
we now apply an electric field E along z, particles are 
pushed from negative to positive energy levels according 
to the equation of motion p z = e R E z (j> z — eL.E z ) and 
the whole Dirac sea moves up (down) creating particles 
and electric charge from the vacuum. This motion of 
particles along the "anomalous" branch of the spectrum 
is called spectral flow. The rate of particle production 
is proportional to the density of states at the Landau 
level, which is oc |e#B| (|er,B|), so that the rate of pro- 
duction of particle number n = tir + til and of charge 
Q = UrBji + ni,e£) from the vacuum is 



4tt 2 



(e| - e|)E • B , Q 



4tp 



(4-e|)E.B 



(13) 



Y uR = 2/3 , Y c 



dR 



-1/3 , W dR = W uR = . (15) 



Let us first consider the effect of the hypercharge field. 
Since the number of different species of quarks carry- 
ing the baryonic charge is ?>Nf (3 colours x Np genera- 
tions of fermions) and the baryonic charge of the quark 
is Qb = 1/3, the production rate of baryonic charge in 
the presence of hyperelectric and hypermagnetic fields is 



Y 2 



Yul) By ■ Ej 



(16) 



Since the hypercharges of left and right quarks are differ- 
ent (see Eqs. ( pT| , p^[ )), one obtains a nonzero production 
of baryons by the hypercharge field 



N F 
8^ 



By • E\ 



(17) 



The weak electric and magnetic fields also contribute 
to the production of the baryonic charge: 



which gives 



Wl L - W 2 L ) B a w ■ E a 



w 



N F 
8^ 



(18) 



(19) 
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Thus the total rate of baryon production in the Stan- 
dard model takes the form 

N F 

Qb = ( — • ~E a W + By • Ey) . (20) 

The first term comes from nonabclian SU(2) fields, 
it shows that the nucleation of baryons occurs when 
the topological charge of the vacuum changes, say, by 
sphaleron or due to de-linking of linked loops of the cos- 
mic strings. The second, nontopological, term describes 
the exchange of the baryonic charge between the hyper- 
magnetic field and the fermionic degrees of freedom. 

C. Anomalous nucleation of linear momentum in 
3 He- A 

The anomaly equation which describes the nucleation 
of fermionic charges in the presence of magnetic and elec- 
tric fields describes both the production of the baryons in 
the electroweak vacuum (baryogenesis) and the produc- 
tion of the linear momentum in the superfiuid 3 He-A (mo- 
mentogenesis) . In 3 He-A the effective U(l) gauge field is 
generated by the moving 1-texture. According to Eq. (||), 
the time and space dependent 1 vector, associated with 
the motion of the so-called continuous vortex (see below), 
produces a force on the excitations equivalent to that of 
an "electric" (or "hyperelectric" ) field E = p F dt\ and a 
"magnetic" (or "hypermagnetic" field) B = p F W x 1 act- 
ing on particles of unit charge. Equation (|l^) can then 
be applied to calculate the rate at which left-handed and 
right-handed quasiparticles are created by spectral flow. 
What we are interested in is the production of the parti- 
cle momentum due to spectral flow: 

P = ^2( P «- p i) (E • B ) . (21) 

Since the right and left particle have opposite momenta 
P-R = Pfl = Pij excitation momentum is created at a 
rate 

P = ^l(9 t i-(Vxi)) . (22) 

However, the total linear momentum of the liquid has 
to be conserved. Therefore Eq. ( p2| ) implies that in 
the presence of a time-dependent texture momentum is 
transferred from the superfiuid ground state (analogue 
of vacuum) to the heat bath of excitations forming the 
normal component (analogue of matter). 

III. SPECTRAL FLOW FORCE ON VORTEX 



A. Continuous vortex and baryogenesis in textures 

The anomalous production of linear momentum leads 
to an additional force acting on the continuous vortex in 
3 He-A (Fig. |). 

The continuous vortex, first discussed by Chechetkin 
p5[ and Anderson and Toulouse ||(| (ATC vortex), has 
in its simplest realization the following distribution of 
the 1-field (z, f and </> are unit vectors of the cylindrical 
coordinate system) 

l(r, <fi) = z cosr](r) + f sin^(r) , (23) 

where 77(7") changes from 77(0) = 7r to 77(00) = in the 
so called soft core of the vortex. The superfiuid velocity 
v s in supcrfliud 3 He-A is determined by the twist of the 
triad ei , §2 , S3 and corresponds to torsion in the tetrad 
formalism of gravity (the space-time dependent rotation 
of vectors m = c±ei and n = c^£?2 about axis I in Fig. ||): 

v s = ^4Ve 2 . (24) 
2m 3 

In comparison to a more familiar singular vortex, the 
continuous vortex has a regular superfiuid velocity field 

v s (r,0) = -^^[l + cos77(r)]0 , (25) 

with no singularity on the vortex axis. 

The stationary vortex generates a "magnetic" field. If 
the vortex moves with a constant velocity Vi it also gen- 
erates an "electric" field, since 1 depends on r — v^i: 

B = p F V x i , E = d t A = -p F {v L ■ V)l (26) 

The net production of the quasiparticle momenta by 
the spectral Sow in the moving vortex means, if the vor- 
tex moves with respect to the system of quasiparticles 
(the normal component of liquid or matter, whose flow 
is characterised by the normal velocity v„), that there 
is a force acting between the normal component and the 
vortex. Integration of the anomalous momentum trans- 
fer in Eq.(|2^) over the cross-section of the soft core of 
the moving ATC vortex gives the following force acting 
on the vortex (per unit length) from the system of quasi- 
particles p7| : 

F s/ = J d 2 r^l {dtl • (V x 1)) = -2nhC i x (v L - v„), 

(27) 

where 

Co = Pf /3tt 2 . (28) 

Note that this spectral-flow force is transverse to the 
relative motion of the vortex and thus is nondissipative 
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Momentogenesis by continuous ATC vortex 



vortex with N=2 
circulation quanta 




Momentum transfer from the vacuum (superfluid ) 

to the heat bath (matter) gives extra force on N=2 vortex 

F = J d 3 r P = (l/2jt 2 ) | d 3 r (B«E ) p F 1 

= (l/27t 2 )«p F 3 Jd 3 r (Vxl» dl/dt ) I 

=7ffiN(l/37l 2 )p F 3 z x(v n -v L ) 

This force effectively cancels the Magnus force 

Ffyj =n* N z x (v - v^) , 

The density of 3He atoms deviates from (l/3jt 2 )pp 3 
due to small asymmetry between particles and holes 

FIG. 5. The order parameter 1-texture (analogue of the 
vector potential of the (hyper) electromagnetic field) in the 
soft core of the continuous Anderson- Toulouse- Chechetkin 
vortex p5pr^ (ATC vortex). The moving vortex converts 
the textural (vacuum) fermionic charge (linear momentum) 
to fermionic quasiparticles (matter). The moving vortex gen- 
erates the time dependence of the order parameter, which is 
equivalent to an electric field E. Together with the effective 
magnetic field B concentrated in the soft core of the ATC 
vortex this gives rise to a nonzero dot product B ■ E, which 
is the anomalous source of fermionic charge. 



(reversible). In this derivation it was assumed that the 
quasiparticles and their momenta, created by the spec- 
tral flow from the vacuum, are finally absorbed by the 
normal component. The time delay in the process of ab- 
sorption and also the viscosity of the normal component 
lead to a dissipative (friction) force between the vortex 
and the normal component: Ff r = —j(vl — v n ). There 
is no momentum exchange between the vortex and the 
normal component if they move with the same velocity. 

Another important property of the spectral-flow force 
( p7j ) is that it does not depend on the details of the vor- 
tex structure: The result for F s / is robust against any 
deformation of the 1-texture which does not change the 
asymptote, i.e. the topology of the vortex. In this re- 
spect this force resembles another force, which acts on 
the vortex moves with respect to the superfluid vacuum. 
This is the well-known Magnus force: 



•m 



2irhn 3 z x (v L - v s (oo)) . 



(29) 



superfluid vacuum far from the vortex. 

The balance between all the forces acting on the vor- 
tex, F 8 f, Ff r , Fm and some other forces, including any 
external force and the so-called Iordanskii force coming 
from the gravitational analog of the Aharonov-Bohm ef- 
fect |2^] , determines the velocity of the vortex and causes 
it to be a linear combination of v s (oo) and v„. Due 
to this balance the fermionic charge (the linear momen- 
tum), which is transferred from the fermionic heat bath 
to the vortex texture, is further transferred from the vor- 
tex texture to the superfluid motion. Thus the vortex 
texture serves as intermediate object for the momentum 
exchange between the fermionic matter and the super- 
fluid vacuum. In this respect the texture corresponds to 
the sphaleron or to the cosmic string in relativistic theo- 
ries. 



The result (27) for the spectral- flow force, derived for 
the ATC vortex from the axial anomaly equation (0), 
was confirmed in a microscopic theory, which took into 
accout the discreteness of the quasiparticle spectrum in 
the soft core [E9[ . This was also confirmed in experiments 



on vortex dynamics in 3 He- A 1 30 31J . 

In such experiments a uniform array of vortices is pro- 
duced by rotating the whole cryostat. In equilibrium 
the vortices and the normal component (heat bath) of 
the fluid rotate together with the cryostat. An electro- 
statically driven vibrating diaphragm produces an oscil- 
lating superflow, which via the Magnus force generates 
the vortex motion, while the normal component remains 
clamped due to its high viscosity. This creates a motion 
of vortices with respect both to the heat bath and the su- 
perfluid vacuum. The vortex velocity v/, is determined 
by the overall balance of forces acting on the vortices, 
which in the absence of the external forces can be ex- 
pressed in terms of the two parameters, so-called mutual 
friction parameters: [M 

z x (v£ - v a (oo)) + dj_i x (v„ - v L ) + d\\ (v„ - v L ) = 

(30) 

Measurement of the damping of the diaphragm resonance 
and of the coupling between different eigenmodes of vi- 
brations enables both parameters, d± and dn , to be de- 
duced. 

From the above theory of spectral flow in the 3 He- 
A vortex texture it follows that the parameter, which 
characterizes the transverse forces acting on the vortex, 
is given by 



Cq - n 3 + nJX) 
n s (T) 



(31) 



Here n 3 is the particle density (here the number density 
of 3 He atoms) and v s (oo) is the uniform velocity of the 



where n s (T) is the density of the superfluid compo- 
nent. In this equation the parameter Co from Eq.([2^) 
arises through the axial anomaly, the particle density 
713 stems from the Magnus force and the superfluid den- 
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sity n s (T) from the combined effect of Magnus and Ior- 
danskh forces. The effect of the chiral anomaly is cru- 
cial for the parameter d± since Co is comparable with 
n 3 , since Co = Pp/3ir 2 is the particle density of liquid 
3 He in the normal state. The difference between Co 
and 713 is thus determined by the tiny effect of super- 
fluidity on the particle density and is extremely small: 
rc.3 - C ~ n 3 (A /v F PF) 2 = n 3 (c±/c\\) 2 < n 3 . Because 
of the axial anomaly one must have d± » 1 for all prac- 
tical temperatures, even including the region close to T c , 
where the superfluid component n s (T) ~ n^iX — T 2 /T 2 ) 
is small. 3 He-A experiments, made in the whole tem- 
perature range where 3 He-A is stable, gave precisely this 
value within experimental uncertainty, |1 — d±\ < 0.005 

s _ 

This provides an experimental verification of the 
Adler-Bell-Jackiw axial anomaly equation ([l3|), applied 
to 3 He-A, and thus supports the idea that baryonic 
charge (and also leptonic charge) can be generated by 
electroweak fields. 



B. Singular vortex and baryogenesis by cosmic 
strings 

There are many different scenarios of the electroweak 
baryogenesis (3^j3j| . In some of them the baryonic charge 
is created in the cores of topological objects, in partic- 
ular in the core of cosmic strings. While a weak and 
hypercharge magnetic flux is always present in the core 
of electroweak strings, a weak and hypercharge electric 
field can be present along the string if the string is moving 
across a background electromagnetic field |34|] or in cer- 
tain other processes such as the de-linking of two linked 
loops [ |35||36| ] . Parallel electric and magnetic fields in the 
string change the baryonic charge and can lead to cosmo- 
logical baryogenesis |37|] and to the presence of antimatter 
in cosmic rays [p8[ . 

Again the axial anomaly is instrumental for the bary- 
oproduction in the core of cosmic strings. But now the 
effect cannot be described by the anomaly equation (13). 
This equation was derived using the energy spectrum 
of the free massless fermions in the presence of the ho- 
mogeneous electric and magnetic fields. But in cosmic 
strings these fields are no more homogeneous. Moreover 
the massless fermions exist only in the vortex core as 
bound states in the potential well produced by the order 
parameter (Higgs) field. Thus the consideration of bary- 
oproduction should be essentially different: the spectral 
flow phenomenon has to be studied using an exact spec- 
trum of the massless bound states, namely fermion zero 
modes on strings. 

A similar situation takes place in condensed matter, 
where the counterpart of the cosmic string is the conven- 
tional quantized vortex with a singular core (Fig. ^) . The 
vortices with singular cores are: (i) Abrikosov vortices in 



Cosmic string 

vs 

Singular vortex 




Bound states of electrons ( quarks ) 


in potential well of vortex 1 string ) 


2 2 4 2 




E = m (r) c + c 1 


^ for strings 


E^ = A^(r) + Vp^ (p-Pp)^ for vortices 




m(r), A(r) 







Due to bound states 
dynamics of string leads to 

baryogenesis; 
dynamics of vortices leads to 
momentogenesis 
(Manchester expt 
on vortex dynamics) 



core radius r c 

= coherence length ^ in condensed matter vortex 

- l/m Hig] , s in electroweak string (m HigJ , s - mass of Higgs-boson) 

X = penetration length of magnetic field in superconductor 
= l/m z in electroweak Z-string (m z - mass of Z-boson) 

- 0= in electrically neutral superfluid ^He 



FIG. 6. A cosmic string is the counterpart of the Abrikosov 
vortex in superconductors. It also supports bound states of 
the fermions, which is important for the electroweak bary- 
oproduction. 



superconductors; (ii) vortices in superfluid 3 He-B; and 
(iii) such vortices in 3 He-A which, as distinct from the 
continuous vortices, belong to the nontrivial elements of 
the 7i"i homotopy group. It appears that the momento- 
genesis due to the axial anomaly also takes place here, 
but as distinct from the case of the continous ATC vor- 
tex in 3 He-A, it cannot be described by the continuous 
anomaly equation of the type of Eq. (|2l]). For its de- 
scription one should consider the spectral properties of 
the fermion zero modes localized in the singular vortex 
core. The main difference between fermion zero modes 
in relativistic strings and in the conventional condensed 
matter vortices is the following. In strings the anoma- 
lous branch E{p z ) which crosses zero and gives rise to 
the spectral flow from the negative vaccum energy levels 
to the positive matter energy levels of is given in terms 
of a continuous variable - the linear momentum p z along 
the string. In contrast, in the case of condensed-matter 
vortices (Fig. 0) the branch E(L Z ) is "crossing" zero as a 
function of the discrete angular momentum hL z (L z can 
be integral or half-odd integral) . The level flow along the 
discrete energy levels is suppressed and is determined by 
the intcrlevel distance Tiujq and the level width Ti/t result- 
ing from the scattering of core excitations by free excita- 
tions in the heat bath outside the core (or by impurities 
in superconductors). 
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Anomalous nonconservation of linear momentum 
in superconductors and in 3He-B vortex 



E(L Z ), p y >0 



E(L Z ), p y <0 





Asymmetric branch E(L Z )= -<n L z 
When vortex moves along x the angular momentum changes 
L 2 = x p y = v x p y 
This gives the flow ov levels from Fermi sea 
n = L z / h = v x p y If] 
The flow of linear momentum ( transverse force on vortex) 
Fy =< P y >=< Py n > = < p y 2 > v x /•fi = 
= 7i fi (1/37C 2 ) p F 3 v x 

FIG. 7. Spectral flow of momentum in the core of the mov- 
ing singular vortex leads to the experimentally observed re- 
active force on a vortex in superfluid 3 He-B. 



This suppression of spectral flow results in a renormal- 
ization of the spectral-flow parameter, which is roughly 



mm 



Co 



c 



1+W§T 2 ' 



and the Eq. © becomes: 



Cg - n 3 + n s (T) 
n s (T) 



(32) 



(33) 



If loot <C 1, the levels overlap and spectral flow is al- 
lowed. In the opposite limit ujot 3> 1 it is completely 
suppressed. The parameter uqt depends on temperature 
and this allows us to check Eq. ([33|) experimentally. This 
has been done in an experiment in Manchester on the dy- 
namics of singular vortices in 3 He-B p0|]3l) . An equation 
of the type of ([33]) has been verified in a broad tempera- 
ture range, which included both extreme limits, loot <C 1 
and uiqt 3> 1. 



IV. MAGNETIC FIELD FROM FERMIONIC 
CHARGE 

A recent scenario of the generation of primordial mag- 
netic fields by Joyce and Shaposhnikov (4^^^] is based 
on an effect, which is the inverse to that discussed in the 



previous section. The axial anomaly gives rise to a trans- 
formation of an excess of chiral particles into a hyper- 
magnetic field. In 3 He- A language this process describes 
the collapse of excitation momenta (fermionic charges) 
towards the formation of textures. These textures are 
the counterpart of the hypermagnetic field in the Joyce- 
Shaposhnikov scenario jl3| (Figs. ^M)- Such a collapse 
of quasiparticle momentum was recently observed in the 
rotating cryostat of the Helsinki Low Temperature Lab- 
oratory @,p|. 



A. Effective Lagrangian at low T 

To study the instability of the superflow and relate 
it to the problem of magnetogcnesis, let us start with 
the relevant Effective Lagrangian for superfluid dynam- 
ics at low T and find the correspondence to the effective 
Lagrangian for the system of chiral fermions interacting 
with the magnetic or hypermagnetic field via the axial 
anomaly conversion process. For the hydrodynamic ac- 
tion in 3 He- A we shall use the known results collected in 
the book g|. 

Consider a superfluid moving with respect to the walls 
of container. The normal component of the liquid is 
clamped by the vessel walls due to its high viscosity, 
so that the normal velocity v„ = in the reference 
frame moving with the vessel. If the superfluid veloc- 
ity v s of the condensate in Eq. (^Jj) is nonzero in this 
reference frame, one has a nonzero counterflow of the 
superfluid and normal components with relative velocity 
w = v s — v„. This relative velocity provides a nonzero 
fermionic charge of matter, as will be seen below, and 
the flow instability leads to the transformation of this 
charge to the analogue of the hypermagnetic field. Let 
us choose the axis z along the velocity w of the counter- 
flow. In equilibrium the unit orbital vector 1 is oriented 
along the counterflow: lrj = z. The stability problem is 
investigated using the quadratic form of the deviations of 
the superfluid velocity and the 1-vector from their equi- 
librium values: 



\ = \o + 5\(T,t)-^\o(5\(v,t)f 



v s = w + 5v s (r,t) . 

(34) 



The instability of the counterflow towards generation of 
the inhomogenity r51(r, t) , corresponds to the generation 
of the magnetic field B = p^V x 81 from the chiral 
fermions. 

There are 3 terms in the energy of the liquid, which are 
relevant for our consideration of stability of superflow at 
low T: 



1 



F = -m 3 n^v si v sj + C (v s • 1)(1 • (V x 1)) 
+K b (\ x (V x l)) 2 



(35) 
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(1) The first term in Eq. fl3q ) is the kinetic energy of su- 
perflow with n l s J being the anisotropic tensor of superfluid 
density. At low T one has 



«3<5 y - n n \\l l P , n„|| 



3m, 



3 T 2 
~ p FlC2 
i A 



(36) 



(2) The second term in Eq. ( J35| ) is the anomalous inter- 
action of the superflow with the 1-texture, coming from 
the axial anomaly ]l2[ |. The anomaly parameter Co at 
T = is the same as in Eq. (p8|). 

(3) Finally the third term is the relevant part of the 
energy of 1-tcxture. There are two other terms in the 
textural energy fIBfl , containing (1 • (V x l)) 2 and (V • l) 2 , 
but they are not important for the stability problem: 
The instability starts when the z-dependent disturbances 
begin to grow. Therefore we are interested only in z- 
dependent 1-textures, which in a quadratic approxima- 
tion contribute the term (1 x (V x l)) 2 . The rigidity Kb 
at low T is logarithmically divergent 



24n 2 h 



T 2 



(37) 



which we shall later relate to the zero charge effect in 
relativistic theories jl^] • 

There is also a topological connection between 1 and 
v s , since v s in Eq. (|2~I| ) represents torsion of the dreibein 
ei,e2,e3 field. This leads to a nonlinear connection, the 
so-called Mermin-Ho relation , which in our geometry 
gives 



<5v s = ^r— zd z & + -^—51 x d z 8l 



2m 3 



4m a 



(38) 



The three variables, the potential $ of the flow veloc- 
ity and the two components 51 _L lo of the unit vector 1, 
are just another presentation of 3 rotational degrees of 
freedom of the dreibein ei, £2, e 3 (the rotation of vectors 
m = cj_ei, n = c^e2 and I in Fig. ^). Whereas 51 is re- 
sponsible for the effective vector potential of the (hyper) 
magnetic field, the variable <& - the angle of rotation of 
vectors m = c±e\ and n = c^e2 about axis I in Fig. || - 
represents an axion field as we shall see later. 

Let us expand the energy in terms of small perturba- 
tions 51. Adding terms with time derivatives we obtain 
the following Lagrangian for $ and 51: 



L = F + Lg-y + L$ 



Here Fq is the initial homogeneous flow energy 



(39) 



1 



.2 ™* 3 T 2 



F Q = ^m 3 n 3 w^ - p% ^ ( w o ■ lo) 2 ■ (40) 
2 6m 3 Aq 



and L s * is the textural Lagrangian of order (51) 



2. 



L 

61 24tt 2 ^ f 



In 



y2 



Pf 
2tt 2 



v 2 F {d z 5\f - {d t 5\f (41) 



(lo-w )(fl-Vx51) (42) 



+ ^^2(wo-io) 2 (^i) 2 (43) 

The first term, Eq. ([II]) , describes the propagation of tex- 
tural waves (the so-called orbital waves which play the 
part of the hyperphoton, see below). The Eq.(43) gives 
the mass of the hyperphoton. The term in Eq.(fl2|) is 
the Chcrn-Simons term in action (see below) which is 
the consequence of the axial anomaly and thus contains 

the same factor = (3/2)C as in Eq. @. To ob- 
tain this factor from the hydrodynamic action for 3 He-A 
one should collect all the relevant terms: (i) The fac- 
tor Co comes from Eq. (|35|). (ii) The factor n 3 /2 - 
from Eq.(|8|). And (iii) the factor -(n 3 - C )/2 - from 
the intrinsic angular momentum. Altogether they give 
Co + n 3 /2-(n 3 -C )/2 = (3/2)C = Pf /2tt 2 in Eq. ©. 
We do not discuss the problem of intrinsic angular mo- 
mentum, though it is clearly related to the axial anomaly 
and spectral flow (46) . Here it is important that the con- 
tribution of the intrinsic angular momentum to the hy- 
drodynamic action is |12| 



1 



(7*3 -Co) i • (51 x (d t + w • V)5l) 



(44) 



and this gives the required factor — (n 3 — Co)/2. 

L$ is the variation of the Lagrangian for superflow. At 
low T one has 



8m, 



-n 3 



3/i 



1 



+ - — C d z § (51 ■ V x 51) 

4m 3 



(45) 
(46) 



The first two terms of this Lagrangian, contained in 
Eq. (fl5]), describe the propagation of sound waves 
(phonons) , and s is the speed of sound. We shall later re- 
late the sound waves to axions, because of their coupling 
with the density of topological charge in Eq. (^) . 

Let us now establish all these correspondences step by 
step. 



B. Fermionic charge and Chern-Simons energy 

In the presence of counterflow, w = v s — v„, of the 
motion of the superfluid component of 3 He-A with re- 
spect to the normal fraction, the energy of quasiparti- 
cles is Doppler shifted by an amount p • w, which is 
« ±PfO-o • w o) near the nodes. The counterflow therefore 
produces an effective chemical potential for the relativis- 
tic fermions in the vicinity of both nodes (Fig. |^) : 
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Counterflow vs chemical potential for chiral fermions 








: Doppler shift of quasiparticle energy: 
E(p) +p( v s - v n ) » E(p) ± p F l( v s - v n ) 



* (X R = - Pp /( Vs - Vn) plays the part of chemical potential 

* Net quasiparticle momentum in counterflow: pn( Vn - Vs) 
simulates (equals) excess of right particles: n R =(1/3)T 2 )i R 

FIG. 8. The counterflow generated by the rotation of the 
cryostat is equivalent to the nonzero chemical potential for 
the right electrons. If the cryostat rotates, the typical situ- 
ation is that the vortices form a vortex cluster in the center 
of the vessel. Within the cluster the average superfluid ve- 
locity < v s > follows the solid body-like rotation velocity of 
the normal component: < v s >= v„ = O x r. Outside the 
cluster the normal component performs a solid body rotation, 
while the superfluid is irrotational. There results a counter- 
flow w = v s — v n between the superfluid and normal com- 
ponents. In the counterflow region the ln-vector is oriented 
along the counterflow. The Doppler shift of the quasiparticle 
energy plays the part of the chemical potential fiR and \il 
for the chiral fermions in the vicinity of two gap nodes. In 
the counterflow the quasiparticles have net linear momentum. 
This excess of the fermionic charge of quasiparticles is equiv- 
alent to the excess of chiral right-handed electrons if their 
chemical potential \ir is nonzero. 



fj-R = -PF(h ■ w ) , hl = -m 



(47) 



According to our analogy the relevant fermionic charge 
of our system, which is anomalously conserved and which 
corresponds to the number of right fermions, is the mo- 
mentum of quasiparticles along 1 divided by pp. Since 
the momentum density of quasiparticles is P = — n„iiw, 
the density of the fermionic charge is 



-1 • w 



(48) 



P _ 

PF PF 

Using Eq. ( |36| ) for n n \\, Eq. (^) and Eq.(^) for the metric 
tensor, and Eq. (E7|) for the chemical potential, one ob- 
tains a very simple covariant expression for the density 
of the fermionic charge 



P 



nR= — = -T [iR^Hd ■ 
Pf 3 



Here g is the determinant of the metric tensor g^ 



m pf 

A2 
^0 



C»C 



\ C ± 



(49) 



(50) 



Eq. ( |49|) represents the number density of chiral right- 
handed massless electrons induced by the chemical po- 
tential hr at temperature T. This is the starting point 
of the Joyce-Shaposhnikov scenario of magnetogenesis. It 
is assumed there that at an early stage of the universe, 
possibly at the Grand Unification epoch (10 -35 s after 
the big bang), an excess of chiral right-handed electrons, 
en, is somehow produced due to parity violation. 

The equilibrium relativistic energy of the system of 
right electrons also appears to be completely equivalent 
to the kinetic energy of the quasiparticles in the counter- 
flow in Eq. (HT 



(51) 



1 rr2 2 / 1 l T \2 

(R = /J. R V~g = 2 m 3 n n||( W ' lo) 



The difference in the sign between Eqs. ( f40| ) and ( |5l| ) 
is the usual difference between the thermodynamic po- 
tentials at fixed chemical potential and at fixed particle 
number (fixed velocity and fixed momentum correspond- 
ingly). 

Due to the "inverse" axial anomaly the leptonic charge 
(excess of right electrons) can be transferred to the "in- 
homogeneity" of the vacuum. This inhomogeneity, which 
absorbs the fermionic charge, arises as a hypermagnetic 
field configuration. Thus the charge absorbed by the hy- 
permagnetic field, V x A, can be expressed in terms of 
its helicity, 



n R {A} = -La • (V x A) 



(52) 



The right-hand side is the so called Chern-Simons (or 
topological) charge of the magnetic field. 

When this charge is transformed from the fermions 
to the hypermagnetic field, the energy stored in the 
fermionic system decreases. This leads to a energy gain 
which is equal to the Chern-Simons charge multiplied by 
the chemical potential: 



Fes = n R {A}n R = -L^A . (v x A) 
2ir z 



(53) 



The translation to the language of 3 He-A, according to 
the dictionary in Fig. (^|), gives the following energy 
change, if the texture is formed from the counterflow, 



3 

Fcs = ^(io-woX^i-vx^i) 

This exactly coincides with Eq. (E3). 



(54) 
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Flow instability 

vs 

instability of state with excess of chiral charge 

E (p) E (p) 








\ M 


R=° 


Vs 


= v n 







magnetic 
+ field 
(l-textiire) 



Dictionary 
Particle physics 3j| e _^ 
Chern-Simons term leading to helical instability: 



(1/2JI 2 ) u R A(VxA) 



Chemical potential LI p 
Vector potential A 
Magnetic field 

F *= v rW. 

Magnetic field energy 



P F ' ( v s- v n ) 

Pf('-'o) 

helical texture 

P F ( v i l k- v k l i) 

Energy of texture 



(l/127i 2 )ln(A/T) V-g g ij g W F ik F„ 



Metric tensor CJ 
Planck energy A 



cf ,l J l j + 
gap amplitude Aq 



FIG. 9. An excess of chiral right-handed electrons in the 
early Universe can be effectively converted to a hypermag- 
netic field via the mechanism of chiral anomaly. This is de- 
scribed essentially by the same equations as the counterflow 
instability observed in 3 He-A. 



7 



1 - ($ 



12tt 2 



(57) 



Eq. ( p6| ) transforms to Eq. (|55|) if one takes into account 
that in our geometry the "hypermagnetic" field B _L lo. 

The gap amplitude Ao, constituting the ultraviolet 
cut-off in the logarithmically divergent magnetic energy, 
plays the part of the Planck energy scale. Note that Ao 
has a parallel with the Planck energy in some other situa- 
tions, too. For example the analogue of the cosmological 
constant, which arises in the effective gravity of 3 He-A, 
has the value A^/12tt 2 @. 

D. Mass of hyperphoton 

The "hyperphoton" in 3 He- A has a mass. There are 
several sources of this mass. 

(i) The value of the mass of the "hyperphoton" is seen 
from Eq. (E3f) , if it is written in covariant form: 



AjA, 



t 2 A 

: A 2 



Thus the mass is 



7 2 



A 2 



(58) 



(59) 



The Chern-Simons term in Eqs. (^3 54) can have ar- 
bitrary sign. It is positive if the conterflow is increased 
and negative if the counterflow is reduced. Thus one can 
have an energy gain from the transformation of the coun- 
terflow (fermionic charge) to the texture (hypermagnetic 
field). This energy gain is however to be compared with 
the positive energy terms in Eq. (|d|) and Eq. (fi"3|). Let 
us consider these two terms in more detail. 



C. Maxwell Lagrangian for hypermagnetic and 
hyperelectric fields. 

The Lagrangian for the <5l-texture in Eq. (pll| ) is 
completely equivalent to the conventional Maxwell La- 
grangian for the (hyper-) magnetic and electric fields. For 
example the textural energy, written in covariant form, 
corresponds to the magnetic energy: 



In 



A 2 

_0_ 

T 2 J 24ir 2 n 



P 2 F v F 



(d z Sl) 2 



2r 



l^g kl F lk F 3l 



(55) 
(56) 



Here, F^ = V^fc — VfcAi, and 7 2 is a running coupling 
constant, which is logarithmically divergent because of 
vacuum polarization in a complete analogy with the fine 
structure constant e 2 /4irhc: 



In 3 He-A this mass is physical, though it contains the 
"Planck" energy cut-off Ao: The "hyperphoton mass" is 
the gap in the spectrum of orbital waves, propagating 
oscillations of SI, which correspond just to the hyperpho- 
ton. This mass appears due to the presence of counter- 
flow, which provides the restoring force for oscillations of 
SI. 

For the relativistic counterpart of 3 He- A, the Eq. ( |59| ) 
suggests that the mass of the hyperphoton could arise if 
both the temperature T and the chemical potential fin 
are finite. Of course, in the case of exact local U(l) sym- 
metry, the mass of the hyperphoton should be zero. But 
in an effective theory, the local U(l) symmetry appears 
only in the low-energy corner and thus is approximate. 
It can be violated (not spontaneously) at higher energy 
leading to a nonzero hyperphoton mass which depends on 
the cut-off parameter. And in fact the mass in Eq. j59| ) 
disappears in the limit of an infinite cut-off parameter 
or is small, if the cut-off is of Planck scale. The 3 He- 
A thus provides an illustration of how the terms of order 
(T/iJpiancic) 2 appear in the effective quantum field theory 

(ii) In the collisionless regime lot 3> 1, a nonzero mass 
term is present even in the absence of the counterflow, 
w = 0. It corresponds to the high-frequency photon mass 
in the relativistic plasma, calculated by Weldon p9|]: 



M 2 ph (cor»l) = ^ 1 2 T 2 . 



(60) 
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Here Np is the number of fermionic species and 7 again is 
the running coupling constant. This can be easily trans- 
lated to 3 He-A language, since mass is a covariant quan- 
tity. Substituting the running coupling from Eq. j5^ ) 
and taking into account that the number of the fermionic 
species in 3 He-A is Np = Npr + Nfl = 2, one obtains 
the gap in the spectrum of the high-frequency orbital 
waves (called also the normal flapping mode) 



4tt 2 

M orb waves ( WT > 1) = ~ 



T 2 

RAfTn ■ (61) 



This coincides with Eq. (11.76b) of Ref . @ for the nor- 
mal flapping mode. Note that in 3 He-A this gap in the 
spectrum, corresponding to the relativistic plasma oscil- 
lations, was obtained by Wolflc already in 1975 |3(J. 

The corresponding mass term in the Lagrangian for 
the gauge bosons is 



F mass (T,uT > 1) 



Nf t 2 
36 A 
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(62) 



which is valid both for the proper relativistic theory with 
chiral fermions and for 3 He-A, where Np = 2. 

(iii) There is also the topological mass of the "photon" 
in 3 He- A, which comes from the axial anomaly and in- 
trinsic angular momentum [ p2|j5l|j52] | . It is rather small. 

(iv) The tiny mass coming from the spin-orbital in- 
teraction in 3 He-A |52| is described by the energy term 



9d{\ • d) 



(63) 



where d is the unit vector of the spontaneous anisotropy 
in spin space. This term has no counterpart in relativistic 
theories but is important in NMR experiments on 3 He-A 
(see below). 

Here we discussed how the "photon" mass in 3 He-A 
is influenced by variuos external and internal factors: 
countcrflow (chemical potential), temperature, anomaly, 
spin-orbital interaction, Planck cut-off parameter. These 
factors also influence the speed of "light" in 3 He-A and 
this occurs essentially in the same manner as in relativis- 
tic theories (see |33| for references on the modification 
of the speed of light by electromagnetic fields, tempera- 
ture, gravitational background, and other external envi- 
ronments). The only difference is that in 3 He-A the en- 
vironment modifies the Planck cut-off parameter as well 
f34| , which gives an extra dependence of the "photon" 
mass and the speed of "light" on the environment. 



E. Instability towards magnetogenesis 

For us the most important property of the axial 
anomaly term in Eqs. (^3|,Q) is that it is linear in the 
derivatives of 61. Its sign thus can be negative, while its 



magnitude can exceed the positive quadratic term in eq. 
(f55|). This leads to the helical instability towards forma- 
tion of the inhomogeneous 61- field. During this instability 
the kinetic energy of the quasiparticles in the counterflow 
(analogue of the energy stored in the fermionic degrees of 
freedom) is converted into the energy of the inhomogene- 
ity V z 6l, which is the analogue of the magnetic energy 
of the hypercharge field. 

This instability can be found by investigation of the 
eigenvalues of the quadratic form describing the energy 
in terms of A = pp8\ in Eq.(|l-43). Using the covariant 
form of this equation one obtains the following 2x2 
matrix for two components of the vector potential, A x = 
A x0 e iqz and A y = A y0 e lqz : 



M 2 ph 



M 2 ph 



(64) 



II 1 



This matrix is applied both to the Joyce-Shaposhnikov 
scenario and to the instability of the 3 He-A superflow. 
This is one of the rare cases when the equation of motion 
for the 1- vector reduces to relativistic (Maxwell + Chern- 
Simons) equations. This stems from the fact that for the 
investigation of the stability one needs an energy which 
is quadratic in terms of the small deviations of the vector 
potential (vector 1) from the uniform background. In our 
geometry: (i) The equilibrium unit vector lo is oriented 
in one direction (along the velocity), which means that 
the background metric is constant in space, (ii) Small de- 
viations 61 = A/pi? of the vector 1 from equilibrium are 
perpendicular to the flow, while the relevant coordinate 
dependence (i.e. that which leads to instability) is the in- 
dependence along the flow. Thus there are no derivatives 
in x and y in the relevant Lagrangian, while A contains 
only the transverse components, (iii) The Lagrangian is 
quadratic in the gauge field A = pf5\, while the met- 
ric enters only as a constant (though anisotropic) back- 
ground. All these facts conspire to produce a complete 
analogy with the relativistic theory. Such a geometry, in 
which the analogy is exact, is really unique, and it might 
be called a miracle that it indeed does occur in a real 
experimental situation. 

The quadratic form in Eq. (pj) becomes negative if 
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Inserting the photon mass from Eq. (|59|), one finds that 
the uniform counterflow becomes unstable towards the 
nucleation of the texture if 



T 



In 1 / 2 



A 2 

j-2 



< 
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(66) 



If this condition is fulfilled, the instability occurs for any 
value of the counterflow (any value of the chemical po- 
tential fiR of right electrons) . 
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FIG. 10. The NMR signal from array of ATC vortices in 
the container. The position of the satellite peak indicates the 
type of the vortex, while the intensity is proportional to the 
number of vortices of this type in the cell. 



In relativistic theories, where Ao is the Planck energy, 
this condition is always fulfilled. Thus the excess of the 
fcrmionic charge is always unstable towards nucleation of 
the hypermagnetic field. In the scenario of the magne- 
togenesis developed by Joyce and Shaposhnikov |ii|,p2[ , 
this instability is responsible for the genesis of the hyper- 
magnetic field well above the electroweak transition. The 
role of the subsequent electroweak transition is to trans- 
form this hypermagnetic field to the conventional (elec- 
tromagnetic U(l)) magnetic field due to the electroweak 
symmetry breaking. 

In 3 He-A the Eq. (|6^) shows that the instability always 
occurs if the temperature is low enough compared to Ao 
( A ~ 2T C . What happens at T ~ T c is not clear 
from Eq. (|66[) , since our analysis works only in the limit 
T <C A . So, the rigorous theory is required, which holds 
at any T. The helical instability in 3 He-A has been inten- 
sively discussed theoretically (see, e.g., |5q1). According 
to a rigorous theory, which takes into account the Fermi- 
liquid parameters, the counterflow is unstable at any T 
if the spin-orbital coupling in Eq. ( |63| ) is neglected, i.e. 
go = 0, but is stable at T above about 0.8T C if the spin- 
orbital coupling is taken into account and the stiffness 
of the spin vector d suppresses the instability (see Sec. 
7.10.1 in the book Q). The result of the helical insta- 
bilty can be either the formation of the helical texture 
with small opening angle or the complete collapse of the 
counterflow. In the first case only some part of the coun- 
terflow momentum transforms to the momentum of the 
helix. In the second case the collapse of the counterflow 
leads to the formation of continuous ATC vortices and 
thus the whole counterflow momentum is transformed to 
the momentum carried by the vortex texture. Experi- 
mentally the second scenario, with formation of vortices, 
is realized Q . 




0.1 0.2 0.3 0.4 0.5 0.6 
Q. (rad/s) 

FIG. 11. Time dependence of the satellite peak height of 
the continuous vortices. Initially vortices are not present in 
the vessel. When the velocity of the counterflow w in the lo 
direction (corresponding to the chemical potential /j,r of the 
chiral electrons) exceeds some critical value, the instability 
occurs and the container becomes filled with the 1-texture 
(hypermagnetic field) forming the vortex array. 



F. "Magnetogenesis" in 3 He-A 

In various experiments |44]f^ , |4l| the flow instability 
has been measured using NMR techniques, which means 
that one needs an external (real) magnetic field H. Such 
a field adds an additional mass to the "hypercharge gauge 
field" A due to the spin-orbital interaction in Eq. (|63|). 
Even at low T the instability then occurs only above some 
critical value of the counterflow velocity wo (or corre- 
spondingly chemical potential of right electrons ijlr). The 
critical value /ijj depends on T and H and approaches 
the value of order pp \J goj Ps in the limit of large H. 

When this helical instability develops in 3 He-A, the 
final result is the formation of the 1-texture which corre- 
sponds to the free energy minimum in the rotating vessel. 
This is the periodic 1-texture, whose elementary cell rep- 
resents the Anderson- Toulouse-Chechctkin (ATC) con- 
tinuous vortex in Fig. ||. The presence of ATC vortices 
and their number is extracted from the NMR absorp- 
tion spectrum, which contains the satellite peaks coming 
from different types of vortices J57|. The position of the 
satellite peak indicates the type of vortex, while the in- 
tensity is proportional to the number of vortices of this 
type. The satellite peak for the ATC vortices is shown 
in Fig. 0. 

In the experiment carried out in Helsinki the initial 
state did not contain vortices. Then the vessel was put 
into rotation with some angular velocity Q. If the veloc- 
ity is small enough, one has only counterflow and no vor- 
tex texture. This means that there is a nonzero "chem- 
ical potential of right electrons", [1r = pF^r, where 
r is the distance from the axis of the rotating vessel, 
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while the "hypermagnetic" field is absent. Accelerating 
the vessel further one finally reaches the critical value 
/ijj at the wall of container, r — R, where the counter- 
flow is maximal. At this moment the instability occurs, 
which is observed by the Helsinki group as a jump in 
the height of the vortex peak (see Fig. |ll|). The peak 
height jumps from zero to the magnitude corresponding 
to a vortex array with nearly the equilibrium number of 
vortex lines. This means that counterflow has been es- 
sentially removed. The counterflow (which carried the 
fermionic charge of matter) has thus been converted to a 
vortex 1-texture (hypermagnetic field). 

The magnitude of \x c ^ found from experiments MM is 
in good quantitative agreement with the theoretical esti- 
mation of the mass of the "hyperphoton" determined by 
the spin-orbit interaction in Eq. (|63|): ~ Pf\J 9dI Ps- 
Thus the Helsinki experiments model the nucleation of 
the hypermagnetic field for different masses of the "hy- 
perphoton" . The flow instability in the limit when the 
contribution to the "hyperphoton" mass from the real ex- 
ternal magnetic field H is zero has also been investigated: 
First the field H was turned off and after the instability 
had occurred the field was switched on again and the cre- 
ated "hypermagnetic field" was measured. In this case it 
was observed that ^ was significantly reduced. 



V. AXION IN 3 HE-A 

We discussed how the quasiparticles and the 1-texture 
can exchange the fermionic charge - the linear momen- 
tum - due to the axial anomaly. There is yet another phe- 
nomenon: The 1-texture and the moving superfluid vac- 
uum can also exchange momentum. Thus the 1-texture 
serves as an intermediate object which allows to transfer 
the fermionic charge from the condensate (vacuum) mo- 
tion to the quasiparticles (matter), as was discussed in 
Sec.IIIA. In this sense the 1-texture plays the same role 
as quantized vortices in superfluids and superconductors. 
This again shows the common properties of continuous 
1-textures (with continuous vorticity) and quantized sin- 
gular vortices, which are related to the gap nodes: In the 
1-textures the gap nodes are lying in momentum space, 
while in the most symmetric quantized vortices of con- 
ventional superconductors and also in the most symmet- 
ric cosmic strings the nodes are in real space - in the cores 
of vortices, where the symmetry is restored and fermions 
are massless. The transformation between the real-space 
zeroes and the momentum-space zeros |38[ actually oc- 
curs when the singular core of the vortex experiences an 
additional symmetry breaking, as was observed for the 
3 Hc-B vortices. The relation of both types of zeroes to 
the axial anomaly was discussed in J59j ] . 

Consider now the exchange between the superfluid 
vacuum and the texture. The momentum density of 



the superfluid vacuum along the equilibrium lo-vector 
is m 3 n 3 v sz . The momentum exchange follows from the 
anomalous nonconservation of the momentum Eq. (p2|): 

m 3 n 3 (d t v sz + d,na) = (dt A • V x A) . (67) 

where p, 3 is the real chemical potential of 3 He atoms, 
which also determines the speed of sound in 3 He-A: s 2 — 
nsdfjia/dnai A = pp8\. In what follows, we consider only 
the z- and i-dependence of all variables. 

Let's introduce a variable 9 which is dual to the po- 
tential $ of the superflow: 
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We can now write down the Lagrangian whose variation 
gives rise to the anomalous nonconservation of the con- 
densate momentum in Eq. (|67|): 
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This is nothing but the action for the axion field 8, which 
interacts with the CP violating combination F^ V F^ V cx 
E • B [Q. The Joice-Shaposhnikov scenario of the ex- 
ponential growth of magnetic field can be also realized if 
instead of the excess of the right electrons one has the 
time dependent axionic field pl| . The role of the chem- 
ical potential is now played by d t 9. In our case of su- 
perflow this again corresponds to the superfluid velocity 
according to Eq. (|68|) . 

In 3 He-A the axion corresponds to sound waves - 
propagating oscillations of two conjugated variables, the 
phase <&, related to rotations of the fundamental triad, 
and the particle density n 3 . The anomalous first term in 
Eq. (FrO) can be also obtained from Eq. (^6|). The speed 
of sound is s 2 = (l/3)v 2 F (l + F )(l + Fx/3), where F and 
Fi are Fermi-liquid parameters, and is the same in super- 
fluid 3 He-A (T < T c ) and in normal liquid 3 He (T > T c ). 
In distinction from the orbital waves ("electromagnetic 
waves"), the speed of sound s is isotropic and does not 
coincide with any of the two speeds of light, cj_ or cm, 
though one can expect that the axion propagating along 
z must have the parallel speed of "light" c\\ — Up. What 
is the reason? It is a property of the superfluid 3 He-A: 

Both modes, "photon" (orbital wave) and "axion" 
(sound wave) are collective bosonic excitations of the 
fermionic system and are obtained by integration over 
the fermions. In the case of "photons" the relevant re- 
gion of the integration over the fermions is concentrated 
close to the gap nodes due to the logarithmic divergency. 
Near the nodes the fermions are relativistic and are de- 
scribed by the Lorentzian metric g^ v . It follows that the 
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effective "photons" are described by the same metric and 
therefore the speed of light is the same as the speed of 
the massless fermion propagating in the same direction. 
On the other hand, the relevant region of the integra- 
tion, which is responsible for the spectrum of the "axion" 
mode, is far from the gap nodes. Consequently the axion 
spectrum does not even depend on the existence of the 
gap nodes and induces its own effective metric. 

VI. DISCUSSION 

In principle one can introduce a model system with 
favourable parameters, such that for all collective modes 
the integration over the fermions is concentrated mostly 
in the region where the fermions are Lorentzian. In this 
case the low energy dynamics of photons, axions, gravi- 
tons, etc., will be determined by the same Lorentzian 
metric as that of the fermions. In the low-energy cor- 
ner, one then obtains the effective relativistic quantum 
field theory and effective quantum gravity with the same 
speed of light for all bosons and fermions. 

It is quite possible that in this ideal case the cosmo- 
logical constant vanishes. This follows from the fact 
that Eq. (||) for the spectrum of massless quasiparti- 
cles can be multiplied by an arbitrary scaling factor a 2 , 
which does not change the energy spectrum, but changes 
the contravariant metric tensor: g^ v — > a 2 g^ u . Since 
physics cannot depend on such formal conformal trans- 
formation, the effective low-energy Lagrangian for grav- 
ity cannot depend on a 2 and thus the cosmological term 
J cPxdt Ay/—g is prohibited (a discussion of the role of 
the scale invariance for vanishing cosmological constant 
is found in Ref. |6§]). 

This situation is somewhat similar to that which occurs 
in the normal Fermi-liquid where the role of the param- 
eter a -1 is played by the quasiparticle spectral weight 
Z - the residue of the Green's function at the quasi- 
particle pole. The low-energy properties of this system, 
described by the Landau phenomenological Fermi-liquid 
theory, do not depend on Z. The Landau Fermi-liquid 
differs from our system only in the topology of the spec- 
trum of the low-lying fermionic excitations: The Fermi- 
surface instead of the Fermi-points - the gap nodes, is 
present there. 

Note that the Fermi-surface and the point node are the 
only topologically stable features of the fermionic spec- 
trum. They are described by m and topological invari- 
ants respectively and thus are robust to any modification 
of the system. These two classes exhaust the topologi- 
cally stable gapless Fermi systems. In Landau theory, 
which deals with the Fermi-surface class of Fermi liq- 
uids, the low-energy bosonic collective modes are related 
to the dynamical deformations of the Fermi surface. In 
the point-node class of Fermi liquids, the corresponding 
collective motion comes from the dynamics of the nodes. 



This dynamics gives rise to effective gravity and effective 
electromagnetic fields. 

The fundamental constants in these effective theories 
are determined by the position of the node, pp, and by 
the slopes of the energy E of the quasiparticle as a func- 
tion of its momentum p at the node. There are three 
such parameters in 3 He-A: the Fermi velocity vp , the 
Fermi momentum pf and the gap amplitude Ao. They 
give the parallel speed of light c\\ — vf', the transverse 
speed of light c± = Ao/pf; the Planck energy Ao; the 
running coupling constant in Eq. (|57]); the masses of 
the hyperphoton in Eqs. ( |59|j60| ); gravitational constant 
G ~ Aq 2 |Q and cosmological constant ~ Aq [fi7| ; etc. 
Since all 3 initial parameters are in principle tempera- 
ture dependent, the fundamental constants are not con- 
stants in the effective theories. For example the speed 
of light depends on temperature and also on the photon 
energy: 8c/ c ~ (^/-Epianck) 2 - The larger (linear) effect, 
8c/ c ~ i?/-Epianck, was discussed in 

We discussed only 3 experiments in superfluid 3 He-A 
related to the properties of the electroweak vacuum. In 
all of them the chiral anomaly is an important mecha- 
nism. It regulates the nucleation of the fermionic charge 
from the vacuum, as observed in Manchester |30| , and the 
inverse process of the nucleation of the effective magnetic 
field from the fermion current, as observed in Helsinki 
g§g. 

There are many other connections between superfluid 
3 He and different branches of physics which should be 
explored. For example, we can simulate phenomena re- 
lated to the effective gravity, such as the cosmological 
constant, quantum properties of the event horizon, vac- 
uum instability in strong gravity, torsion strings and even 
inflation. In principle a nonequilibrium vacuum state can 
be constructed in which the speed of light c± = Aq /pp 
decreases exponentially with time. In cosmological lan- 
guage this implies inflation, since the length scale in the 
spatial metric gtk is growing exponentially. This would 
allow for a study of the development of perturbations 
during inflation. 

Till now we considered the properites related to one 
pair of nodes only. If one takes into account that in 
3 He-A there is a two-fold degeneracy related to two spin 
projection of the 3 He atom, the number of fermiomic 
and bosonic degrees of freedom increases. It appears that 
with these new degrees of freedom, the system transforms 
to a SU(2) gauge theory: The conventional spin degrees 
of freedom of 3 He atoms form the SU(2) isospin, while 
some collective modes of the order parameter (the spin- 
orbital waves) behave as SU{2) gauge bosons [Q. 

There are several ways of extending the model, in 
which higher local and global symmetry groups can nat- 
urally arise. (1) One can imagine an initial normal state 
of condensed matter consisting of n = 3, 4, etc. degen- 
erate sheets of the Fermi-surface. Then the supercon- 
ducting/superfluid Cooper pairing will lead to 7i-fold dc- 
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generacy of gap nodes, which in turn gives rise to the 
effective local SU (n) group in the low-energy corner. (2) 
The number of gap nodes on each Fermi-surface can be 
also larger than 2. For example the so called a-state 
of 3 He Q contains 8 gap nodes per Fermi-surface and 
thus 8 elementary relativistic fermions in the vicinity of 
the nodes. The fluctuations of positions of these nodes 
are equivalent to several gauge fields. In high-T c super- 
conductivity each Fermi-sheet (actually the Fermi-circle 
since this kind of superconductivity effectively occurs in 
the two-dimensional space of the CuO plane) contains 
4 gap nodes. The corresponding Weyl-like Hamiltonian 
for 4 fermions and the corresponding gauge fields have 
been discussed for this material in Ref. ||64| . Thus in 
principle it appears possible to construct a model which 
has as many fermionic and bosonic degrees of freedom as 
needed in Grand Unified Theories, including the different 
generations of fermions. Of course, the construction of a 
suitable condensed matter system corresponding to such 
a model is not a simple undertaking. 
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